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1. Juniors March 13

1. Let a, b, c be real numbers such that a2 + b = c2, b2 + c = a2, c2 + a = b2.
Find all possible values of abc.

D. Belov

Answer. 0. Solution 1. Let us sum up all three conditions. We get a+b+c = 0.
Substitute c = −a− b in the first condition:

a2 + b = a2 + b2 + 2ab;
b(b+ 2a− 1) = 0.

From the last equality, it follows that either b = 0 and then the product
abc = 0, or b+ 2a− 1 = 0, and then b = −2a+ 1. In the first case, the answer is
received, in the second case, we substitute b = −2a+ 1 and c = −a− b = a− 1
in the third condition:

4a2 − 4a+ 1 + a− 1 = a2;
3a2 − 3a = 0;
3a(a− 1) = 0.

So, either a = 0, and the desired product is 0, or a = 1, and then c = a−1 = 0,
and abc is also 0.

Solution 2. We prove that among the numbers a, b, and c there is at least one
0.

Suppose that among the numbers a, b, and c there are two equal or opposite
numbers, for the sake of certainty, let them be a and b. Then a2 = b2, and from
the second equation c = 0. Similarly, we consider the cases b = ±c, c = ±a.

Now let there be no equal or opposite numbers among the numbers a b and c.
Summing up the first two equations, we have a2 + b + b2 + c = c2 + a2, where
b2 − c2 + b + c = 0, (b− c)(b + c) + b + c = 0, (b− c + 1)(b + c) = 0, and since
b 6= −c, we have b− c+ 1 = 0. Similarly (summing the second equation with the
third, and the third with the first) we have c − a + 1 = 0, a − b + 1 = 0. But
summing up all three obtained equalities, we get 0 = 3, i.e. the case in question
is not possible.

Remark. As we can see from the solutions, not all three numbers are necessarily
equal to 0. For example, the triple a = 1, b = −1, c = 0 is suitable.

2. In a triangleABC letK be a point on the medianBM such that CK = CM .
It appears that ∠CBM = 2∠ABM . Prove that BC = MK.

E. Bakaev
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Solution. Let L be a point on BM such
that BK = LM . Then MK = BL.
Note that triangles AML and CKB
are equal, by SAS. Indeed, we have
BK = LM , and since triangle MCK
is isosceles, AM = MC = CK and
∠AML = 180◦ − ∠KMC = 180◦ −
− ∠MKC = ∠CKB. Hence ∠ALM =
= ∠CBM and AL = BC. To complete
the solution it suffices to show that AL = BL or, equivalently, ∠ABL = ∠BAL.

If ∠ABM = x, then ∠ALM = ∠CBM = 2x, therefore, ∠BAL = ∠ALM −
− ∠ABL = 2x− x = x.

3. We have n > 2 non-zero integers such that each one of them is divisible by
the sum of the other n− 1 numbers. Prove that the sum of all the given numbers
is zero.

M. Saghafian

Solution. Suppose that the sum of S of these numbers is not equal to 0. Let it
be positive without detracting from the generality: otherwise, one can multiply all
the numbers by −1, and the condition will not change, but the sum will become
positive.

Let a be the smallest of the given numbers. Then a < S/2, otherwise S > na >
> 2 · S/2 = S — contradiction. But then the number a is closer to 0 than to S:
|a| < |S − a|, and since a 6= 0, a can not be divisible by S − a (sum all other
n− 1 numbers), which means a contradiction.

4. A square grid 2n × 2n is constructed of matches (each match is a segment
of length 1). By one move Peter can choose a vertex which (at this moment) is
the endpoint of 3 or 4 matches and delete two matches whose union is a segment
of length 2. Find the least possible number of matches that could remain after a
number of Peter’s moves.

S. Luchinin

Answer. 4n−2. Solution. Example. Let us number the match columns and rows
of the table 2n×2n from 1 to 2n+1. First, we will remove all the matches on the
border. Then we will remove the top 2 matches of the 2’d, 4’th, . . . 2n columns.
Then, in the 2’d line, we remove 2n − 2 matches (n − 1 segment of length 2) so
that there are matches at the edges. Then we remove 2 matches from the 3’d,
5’th, . . . , (2n − 1) columns so that there is one match left in these columns on
top. Next, we will remove all the matches of the 3-d line. Then remove the top 2
matches of the even columns, then 2n− 2 of the middle matches of the 4’th row,
then the top matches in the odd columns, and then all the matches of the 5’th
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row. We will continue this algorithm further, it is easy to make sure that only
the extreme matches will remain in odd columns (not counting 1 and 2n+1) and
even rows, resulting in 4n− 2.

Estimate, method 1. We will select the unit
squares on the border of the square through one, as
shown in the picture. For each such square of four
matches forming it, we will paint those matches that
do not lie on the border of the square 2n× 2n (so,
in the two selected corner squares, two matches are
colored, and in the other selected squares — three).
Note that for each selected square K, we will not
be able to remove all the colored matches. Indeed,
to remove such a match, we must take as a node
the vertex of the square K that does not lie on the
border of the square 2n×2n (and there are 1 fewer such vertices than the colored
matches in K), and you can’t use the same node twice, and you can’t remove two
colored matches of the square K in one move.

Thus, at the end there will be at least one colored match in each of the selected
4n− 2 squares.

Estimate, method 2. Let us color blue all matches that do not lie on the border
of the square 2n×2n. A total of 2n−1 horizontal and the same number of vertical
rows of 2n matches were painted. In total, we have 2(2n− 1) · 2n blue matches.

Note that the node can be selected as the middle of a segment of two matches
no more than once. In this case, the blue match can be removed only if a node that
does not lie on the border of the square 2n× 2n is selected. There are (2n− 1)2

such nodes, which means that we will remove no more than 2(2n− 1)2 matches.
Thus, at the end there will be at least 2(2n− 1) cdot2n− 2(2n− 1)2 = 2(2n− 1)
blue matches.

2. Seniors March 13

1. Integers from 1 to 100 are placed in a row in some order. Let us call a number
large-right, if it is greater than each number to the right of it; let us call a number
large-left, is it is greater than each number to the left of it. It appears that in
the row there are exactly k large-right numbers and exactly k large-left numbers.
Find the maximal possible value of k.

Saghafian M.

Answer. 50. Solution. Example. We will first place all the even numbers in
ascending order, then 1, then all the other odd numbers in descending order. In
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this situation, all even numbers are large-left, and 100 and 3, 5, ldots 99 are
large-right.

Estimate. Note that only the number 100 can be both large-right and large-left,
each of the other 99 numbers can increase no more than one of the indicators by
1. In total, the number of large numbers is no more than 101, so more than 50
numbers of both types can not be at the same time.

2. We have n > 2 non-zero integers such that each one of them is divisible by
the sum of the other n− 1 numbers. Prove that the sum of all the given numbers
is zero.

M. Saghafian

Solution. Suppose that the sum of S of these numbers is not equal to 0. Let it
be positive without detracting from the generality: otherwise, one can multiply all
the numbers by −1, and the condition will not change, but the sum will become
positive.

Let a be the smallest of the given numbers. Then a < S/2, otherwise S > na >

> 2 · S/2 = S — contradiction. But then the number a is closer to 0 than to S:
|a| < |S − a|, and since a 6= 0, a can not be divisible by S − a (sum all other
n− 1 numbers), which means a contradiction.

3. Let n ≥ 3 be a positive integer. In the plane n points which are not all
collinear are marked. Find the least possible number of triangles whose vertices
are all marked.

(Recall that the vertices of a triangle are not collinear.)
Saghafian M.

Answer. (n−1)(n−2)
2 .

Solution. Example. Note n− 1 points on one line ` and a point A outside this
line. Then the triangle is formed by exactly three vertices of the form {A,X, Y },
where {X, Y } — any of the

(
n
2

)
pairs of marked points on the line `.

Estimate. By induction on n, we prove that the number of triangles is not less
than

(
n−1
2

)
.

The base n = 3 is obvious.
Transition n→ n+1, where n > 3. Let A1, . . . , An+1 be the marked points. If

there are n points lying on a line, then, as the calculation in the example shows,
the number of triangles is

(
n
2

)
. Otherwise, after removing any of the marked points

Ai, we get a set Mi of n points, not all of which lie on the same line. Applying the
induction assumption, we get that there are at least

(
n−1
2

)
triangles with vertices

at these n points. Summing up for all i = 1, 2, . . . , n + 1, and given that each
triangle AiAjAk according to n− 2 sets (in all but the Mi, Mj, Mk), we find that
the number of triangles is not less than

(
n−1
2

)
· n+1
n−2 =

(n+1)(n−1)
2 > n(n−1)

2 .
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4. In an acute triangle ABC let AHa and BHb be altitudes. Let HaHb intersect
the circumcircle of ABC at P and Q. Let A′ be the reflection of A in BC, and
let B′ be the reflection of B in CA. Prove that A′, B′, P , Q are concyclic.

Kozhevnikov P.

Solution. LetH be the orthocenter
of ABC. Let us show that HaHb

is the radical axis of circles
(ABC) and (HA′B′). From this
the statemant of the problem will
follow. Indeed, it follows thatHaHb

passes through the common points
of the circles (ABC) and (HA′B′),
or, equivalently, P and Q lie on the
circle (HA′B′).

Let H ′a be the reflection of H in
BC. The power of Ha with respect
ot the circle (HA′B′) is equal to −HHa · HaA

′, which, by symmetry, equals to
−H ′aHa ·HaA. It is known that H ′a lies on the circle (ABC), hence −H ′aHa ·HaA

equals to the power of Ha with respect to the circle (ABC). Thus Ha has equal
powers with respect to (ABC) and (HA′B′), hence Ha lies on the radical axis
of these circles. The same is true for Hb, hence the line HaHb is the radical axis.
This completes the solution.


