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1. Juniors March 11

5. Egor filled the table 1× n with pairwise distinct integers. Is it possible that
for any k = 1, 2, . . . , n one can find a rectangle 1 × k in which the sum of the
numbers equals 0 if

a) n = 11;

b) n = 12?

Egor Bakaev, Pavel Kozhevnikov

Answer. Yes, it is possible in both cases.
Solution. a) For n = 11 Egor can fill in the table from left to right with following

numbers: 0, 1, −1, 2, −2, 3, −3, 4, −4, 5, −5. For odd k, one can choose the
rectangle 1× k, containing the leftmost cell, and for even k — the rightmost one.

b) For n = 12 Egor can fill in the table from left to right with following
numbers: 0, 1, 2, −3, 4, −4, 5, −5, 6, −6, 7, −7. For k = 2, one can choose a
rectangle 1× k, containing the rightmost cell, and for even k > 2, one can choose
the rectangle 1 × k, containing the leftmost cell. For odd k > 1, one can choose
a rectangle in which the leftmost cell contains the number 1.

6. Let a, b, c be positive integers such that

gcd(a, b) + lcm(a, b) = gcd(a, c) + lcm(a, c).

Does it follow from this that b = c?
Pavel Kozhevnikov

Answer. Yes, it follows.
Solution 1. Rewrite the given equality as

gcd(a, b)− gcd(a, c) = lcm(a, c)− lcm(a, b).

In the RHS both terms are divisible by a, hence, the LHS is also divisible by
a. From 1 ⩽ gcd(a, b), gcd(a, c) ⩽ a, it follows that gcd(a, b) = gcd(a, c), thus
the LHS equals 0, which means that lcm(a, c) = lcm(a, b).

Use the known property gcd(x, y) · lcm(x, y) = x · y for pairs a, b and a, c. It
follows ab = ac, and finally, b = c.

Solution 2. We set d = gcd(a, b), d′ = gcd(a, c). Hence lcm(a, b) ... d, and
lcm(a, c) ... a ... d, therefore, d′ = d+lcm(a, b)−lcm(a, c) is divisible by d. Similarly,
d is divisible by d′. Thus we have d = d′.
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Further, since lcm(a, b) =
ab

d
, lcm(a, c) =

ac

d′
=

ac

d
, we have d+

ab

d
= d+

ac

d
,

and
ab

d
=

ac

d
, hence ab = ac, and b = c.

7. Sasha has 10 cards with numbers 1, 2, 4, 8, . . . , 512. He writes the number 0
on the board and invites Dima to play a game. Dima tells the integer 0 < p < 10,
p can vary from round to round. Sasha chooses p cards before which he puts a
“+” sign, and before the other cards he puts a “−” sign. The resulting number
is calculated and added to the number on the board. Find the greatest absolute
value of the number on the board can Dima get after several rounds regardless
Sasha’s moves.

Dmitriy Belov, Khusnullin Asgat

Answer. 256.
Solution. Firstly, we prove that Sasha can always get the result from the

segment [−256; 256]. Assume that the current number on the board is not
positive (otherwise, one can replace all the signs in the solution with the
opposite ones). Let’s consider two cases for the number p Dima called recently.

Case 1. Let 1 ⩽ p ⩽ 8. Then Sasha puts the signs in the following way:
+512−256−128, and he arranges the remaining signs in an arbitrary way. Since
512 > 1+ 2+ . . .+256 = 511, the result will be positive, and the number on the
board will not be less than −256. On the other hand, the result does not exceed
512− 256− 128 + 64+ 32+ 16+ 8+ 4+ 2+ 1 = 255, it means that the number
on the board will not be greater than 256.

Case 2. Let p = 9. If the current number on the board is not equal to −256,

then Sasha can put a minus sign before the number 512 and pluses before the other
numbers. The result after the calculations will be equal to −1, so the number on
the board will be in the segment [−256; 256]. If the current number on the board
equals −256, Sasha can put a minus sign before the number 256 and pluses before
the other numbers. The result after calculations equals 511, so the next number
on the board is 255. It is still in the segment [−256; 256].

Let us prove that Dima can achieve the result 256. We will always call p = 1.

If Sasha puts a plus before the number 512, the result of the calculations will be
equal to +1, and the number on the board will increase. In order to prevent the
appearance of a number greater than 255, Sasha needs to put a plus sign in
front of another number at some point. In this situation, the result of the
calculation is negative and its absolute value is at least
512 − 256 + 128 + 64 + 32 + 16 + 8 + 4 + 2 + 1 = 511. Therefore, the next
number on the board is not greater than 255− 511 = −256, and Dima achieved
the desired result.
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8. Let ABC be an equilateral triangle with the side length equals a + b + c.

On the side AB of the triangle ABC points C1 and C2 are chosen, on the side
BC points A1 and A2, are chosen, and on the side CA points B1 and B2 are
chosen so that A1A2 = CB1 = BC2 = a, B1B2 = AC1 = CA2 = b,

C1C2 = BA1 = AB2 = c. Let the point A′ be such that the triangle A′B2C1 is
equilateral, and the points A and A′ lie on opposite sides of the line B2C1.

Similarly, the points B′ and C ′ are constructed (the triangle B′C2A1 is
equilateral, and the points B and B′ lie on opposite sides of the line C2A1; the
triangle C ′A2B1 is equilateral, and the points C and C ′ lie on opposite sides of
the line A2B1). Prove that the triangle A′B′C ′ is equilateral.

Egor Bakaev

Solution. Since CB1 = BC2 = a, then B1C2 ∥ BC and the triangle AB1C2 is
equilateral with side length equals b + c. The similar case with C1A2 ∥ CA. Let
C1A2 intersects B1C2 at point P. Then CB1PA2 is a parallelogram, so
B1P = CA2 = b and C2P = B1C2 − B1P = c. We can also prove that
A1B2 ∥ AB in a such way, while A1B2 intersects B1C2 at same point P, for
which B1P = b, C2P = c.

Let ℓa be the bisector of the angle BAC, then ℓa is the axis of symmetry of the
triangles ABC and AB1C2. Let the point A3 be symmetric to the point P relative
to ℓa, that is, A3 — a point on the segment B1C2 such that A3C2 = PB1 = b,

A3B1 = PC2 = c.

Then the triangles AB2C1, B1A3B2 and C2C1A3 are equal by the first sign of
equality of triangles. In other words, these triangles superimpose into each other
when turning around the center of the triangle AB1C2 by an angle of 120◦. So,
C1B2 = B2A3 = A3C1, that is, the triangle C1B2A3 is equilateral, so the point
A3 coincides with A′.
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Similarly, we understand that B′ is symmetric to the point P (the intersection
of the segments B1C2, C1A2 and A1B2) with respect to the bisector ℓb of the angle
CBA, and C ′ is symmetric to the point P with respect to the bisector ℓc of the
angle ACB.

So, the lines ℓa, ℓb and ℓc intersect at the same point O, the center of the
triangle ABC, and form equal angles with each other equal to 60◦. The point P
when reflected relative to the lines ℓa, ℓb and ℓc passes through the points A′, B′,
C ′, respectively. Let’s prove that in this case the triangle A′B′C ′ is equilateral,
and O is its center.

Indeed, from the reflection we get OA′ = OP = OB′, and the angle A′OB′

equals to double angle between the lines ℓa and ℓb, that is, ∠A′OB′ = 120◦.

Similarly, OA′ = OB′ = OC ′ and ∠A′OB′ = ∠B′OC ′ = ∠C ′OA′ = 120◦. This
completes the solution.

2. Seniors March 11

5. Let a, b, c be positive integers such that

gcd(a, b) + lcm(a, b) = gcd(a, c) + lcm(a, c).

Does it follow from this that b = c?
Pavel Kozhevnikov

Answer. Yes, it follows.
Solution 1. Rewrite the given equality as

gcd(a, b)− gcd(a, c) = lcm(a, c)− lcm(a, b).

In the RHS both terms are divisible by a, hence, the LHS is also divisible by
a. From 1 ⩽ gcd(a, b), gcd(a, c) ⩽ a, it follows that gcd(a, b) = gcd(a, c), thus
the LHS equals 0, which means that lcm(a, c) = lcm(a, b).

Use the known property gcd(x, y) · lcm(x, y) = x · y for pairs a, b and a, c. It
follows ab = ac, and finally, b = c.

Solution 2. We set d = gcd(a, b), d′ = gcd(a, c). Hence lcm(a, b) ... d, and
lcm(a, c) ... a ... d, therefore, d′ = d+lcm(a, b)−lcm(a, c) is divisible by d. Similarly,
d is divisible by d′. Thus we have d = d′.

Further, since lcm(a, b) =
ab

d
, lcm(a, c) =

ac

d′
=

ac

d
, we have d+

ab

d
= d+

ac

d
,

and
ab

d
=

ac

d
, hence ab = ac, and b = c.
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6. Let n ⩽ 100 be an integer. Hare puts real numbers in the cells of 100× 100

table. By one question, Wolf can find out the sum of all numbers of a square
n× n, or the sum of all numbers of a rectangle 1× (n− 1) (or (n− 1)× 1). Find
the greatest n such that, after several questions, Wolf can find the numbers in all
cells, with guarantee.

Yakov Shubin

Answer. 51
Solution. Let n ⩾ 52. Consider two following Hare’s arrangements. In both

arrangements all the cells, except the central 2× 2 square, are filled with zeroes.
In the first arrangement in this square put «1» in black cells, and put «−1» is
white cells, in the second arrangement — vice versa, let two white cells contain
«1», and two black cells contain «−1».

−1

−11

1

0

0

0

0

0 0

0

0

1

1−1

−1

0

0

0

0

0 0

0

0

Note that each square n × n and rectangle 1 × (n − 1) covers equal number
of black and white cells in the central square 2 × 2. This means that, for both
arrangements, the answer to any question of Wolf will be «0».

Now let us show that for n = 51 Wolf can determine each number uniquely.
Consider any cell K. There exists a square 51× 51, for which K is a corner cell.
Let us cut this 51× 51, except the corner cell K, into rectangles 1× 50.

K

. . .

Thus Wolf can find the value of the number in K, taking the sum in the square,
and subtracting the sums in these rectangles.
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7. Numbers 1, 2, . . . , n are written on the board. By one move, we replace
some two numbers a, b by the number a2 − b. Find all n such that after n − 1

moves it is possible to obtain 0.
Morteza Saghafian, Josef Tkadlec

Answer. n− 4k and n = 4k + 3 (where k is an integer).
Solution. Note that parity of a2 − b is the same as the parity of a + b, hence

the parity of the sum of all written numbers is invariant under our moves. For
n = 4k+1 and n = 4k+2 the initial sum 1+ 2+ . . .+n is odd (contains 2k+1

odd summands), hence in this case the answer is negative.
Further, let us fix the following claim: from the given numbers a0, a1, a2, . . . ,

a2k it is possible to get any number of the form a0 ± a21 ± a22 ± . . . ± a22k, where
there are exactly k «+» and k «−» signs.

Indeed, perform moves one by one, and obtain numbers a2i − a0,

a2j −
(
a2i − a0

)
= a2j − a2i + a0, a2t −

(
a2j − a2i + a0

)
= a2t − a2j + a2i − a0,

a2s −
(
a2t − a2j + a2i − a0

)
= a2s − a2t + a2j − a2i + a0, etc. (where indices i, j, t, s,

. . . from an arbitrary permutation of 1, 2, . . . , 2k.
Next, for n > 8, let us show that if the answer is positive for n − 8, then the

answer is positive for n. Indeed, starting with 1, 2, . . . , n− 8, n− 7, n− 6, n− 5,

n− 4, n− 3, n− 2, n− 1, n, initially perform n− 9 moves for the leftmost n− 8

numbers to get 0. Further, by our claim, from 0, n− 7, n− 6, n− 5, n− 4, n− 3,

n− 2, n− 1, n obtain

0+ (n− 7)2− (n− 6)2− (n− 5)2+(n− 4)2− (n− 3)2+(n− 2)2+(n− 1)2−n2.

The final number equals 0 for any n (it could be proved by a straightforward
check). Thus we can make a «step» n−8 → n. To complete the solution it suffices
to verify that the answer is positive for n = 3, 4, 7, 8.

For n = 3 :

(1, 2, 3) → (1, 22 − 3) = (1, 1) → 0.

For n = 4:

(1, 2, 3, 4) → (1, 2, 32 − 4) = (1, 2, 5) → (1, 22 − 5) = (1,−1) → (−1)2 − 1 = 0.

For n = 7, by the claim, from (1, 2, 3, 4, 5, 6, 7) we can obtain

1 + 22 − 32 + 42 − 52 − 62 + 72 = 0.

For n = 8:

(1, 2, 3, 4, 5, 6, 7, 8) → (1, 1, 4, 5, 6, 7, 8) → (0, 4, 5, 6, 7, 8) → (−4, 5, 6, 7, 8),
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which, by the claim, can be transformed to

−4 + 52 − 62 − 72 + 82 = 0.

8. Let ABC be an acute-angled triangle, and let AA1, BB1, CC1 be its
altitudes. Points A′, B′, C ′ are chosen on the segments AA1, BB1, CC1,

respectively, so that ∠BA′C = ∠AC ′B = ∠CB′A = 90◦. Let segments AC ′ and
CA′ intersect at B′′, segments CB′ and BC ′ intersect at A′′, segments BA′ and
AB′ intersect at C ′′. Prove that hexagon A′B′′C ′A′′B′C ′′ is circumscribed.

Lev Emelyanov

Solution. From the right-angled triangle AC ′B we obtain BC ′2 = BC1 · BA.

Similarly, BA′2 = BA1 · BC. Since AC1A1C is inscribed (into the circle with
diameter AC), we have BC1 ·BA = BA1 ·BC. Thus BA′ = BC ′.

Further, the perpendicular bisector m to the segment A′C ′ is the symmetry
axis for BA′C ′. Since ∠BA′B′′ = ∠BC ′B′′ = 90◦, lines B′′A′ and B′′C ′ are
also symmetric in m. We see that BA′B′′C ′ is a kite for which m is the axis of
symmetry. Let O′ be the circumcenter of A′B′C ′. Note that O′ lies in m,and from
the previous we have

ρ (O′, A′C ′′) = ρ (O′, C ′A′′) и ρ (O′, A′B′′) = ρ (O′, C ′B′′) ,

where ρ(X, y) denotes the distance from X to line y.

Similarly,

ρ (O′, B′A′′) = ρ (O′, A′B′′) и ρ (O′, B′C ′′) = ρ (O′, A′C ′′) ;

ρ (O′, C ′B′′) = ρ (O′, B′C ′′) и ρ (O′, C ′A′′) = ρ (O′, B′A′′)
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Thus all six distances from O′ to the sidelines of A′B′′C ′A′′B′C ′′ are equal.
Moreover, O′ lies inside triangles BA′C, CB′A, AC ′B,, hence it lies inside
hexagon A′B′′C ′A′′B′C ′′ (which is the intersection of these triangles). This
means that A′B′′C ′A′′B′C ′′ has an inscribed circle centered at O′.


