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Juniors. Day 1. Solutions

1. Anya and Vanya’s houses are located on the straight road. The distance between their
houses is diwvided by a shop and a school into three equal parts. If Anya and Vanya leave
their houses at the same time and walk towards each other, they will meet near the shop. If
Anya rides a scooter, then her speed will increase by 150 m/min, and they will meet near
the school. Find Vanya’s speed of walking.

D. Belov

Answer: 100 m/min.

Solution. Since Anya rides faster when switching to a scooter, the meeting point must
be closer to Anya’s house. Therefore, if moving from Anya’s house to Vanya’s house, the
store will be encountered first, followed by the school.

When the children are walking, they meet near the store, meaning Anya covers one-third
of the distance, while Vanya covers two-thirds. Since the time taken is the same, Vanya’s
speed is twice Anya’s speed. Let their speeds be 2v and v m/min, respectively.

When riding the scooter, Anya covers two-thirds of the distance, while Vanya covers
one-third. This means Anya’s speed is twice Vanya’s speed, i.e., 2-2v = 4v m/min. Anya’s
speed increases by 4v — v = 3v m/min, which, according to the condition, is 150 m/min.
Thus, 3v = 150, v = 50, and Vanya’s speed is 2v = 2 - 50 = 100 m/min.

2. There are 30 children standing in a circle. For each girl, it turns out that among the
five people following her clockwise, there are more boys than girls. Find the greatest number
of girls that can stand in a circle.

D. Belov

Answer: 15.

Solution. As an example with 15 girls and 15 boys, we can use a configuration where
boys and girls alternate. For each girl, among the five children following her clockwise, there
will be 3 boys and 2 girls, meaning the condition is satisfied.

Let us estimate that there are no more than 15 girls. Consider a group of 6 consecutive
children. If there are at least 4 girls in this group, then for the first of these girls, the
condition is definitely not satisfied: the other three girls will certainly be among the five
children following her clockwise.

Divide all the children into five groups of 6 consecutive children. In each group, there
are no more than 3 girls, so the total number of girls does not exceed 5 -3 = 15.

3. Let K be a positive integer. Egor has 100 cards with the number “27 written on them,
and 100 cards with the number “3” written on them. Egor wants to paint each card red or
blue so that no subset of cards of the same color has the sum of the numbers equal to K.
Find the greatest KK such that Egor will not be able to paint the cards in such a way.

E. Bakaev

Answer: 246.

Solution. Ezxample 1. Let 50 “2”s be blue and 50 “3”s be blue (and the remaining cards
be red), so that the sum of all numbers of each color is 250. This example shows that Egor
wins for K > 250 and for K = 249 (which, obviously, cannot be achieved with numbers of
a single color).



Example 2. Let all “3”s be red and all “2”s be blue. In this case, the sum of blue numbers
cannot exceed 200, and any sum of red numbers is divisible by 3. In particular, this example
shows that Egor wins for K = 250, K = 248, and K = 247.

Case K = 246. We will show that no matter how Egor colors the cards, we can achieve
a single-color sum equal to K. Without loss of generality, assume that the sum of all red
numbers is at least 250. First, we will show how to achieve a sum of red numbers that is at
least 246 and divisible by 3.

If there are no red “2”s, then the sum of all red numbers is already divisible by 3. If there
is exactly one red “2”, then removing it leaves a sum of red numbers divisible by 3 and at
least 250 — 2 = 248. If there are at least two red “2”s, then by removing 0, 1, or 2 of them,
we can ensure that the sum of the remaining red numbers is divisible by 3. Moreover, their
sum will be at least 250 — 2 — 2 = 246.

Thus, we have a sum of red numbers that is at least 246 and divisible by 3. We start
removing “3”s one by one from this sum. At some point, we will reach 246. Indeed, the “3”
will not run out before this (since if they did, our current sum would be at most 200, which
is less than 246).

4. In a convexr quadrilateral ABC'D diagonals AC and BD are equal, and they intersect
at E. Perpendicular bisectors of AB and CD intersect at point P lying inside triangle
AED, and perpendicular bisectors of BC' and DA intersect at point () lying inside triangle
CED. Prove that ZPEQ = 90°.

A. Osipov

Solution. From the condition, it follows that PA = PB and PC = PD. Since AC =
BD, the triangles PAC and PBD are congruent. In these congruent triangles, the heights
drawn from P to AC and to BD are equal. We see that P is equidistant from the lines AC’
and BD, so P lies on the bisector of angle AED.

Similarly, ) lies on the bisector of angle C'ED. Therefore, EP 1 E() as the bisectors
of adjacent angles.

Remark. Note that the point P can also be described as the center of rotation that

%sforms AC into BD. Similarly, () is the center of rotation that transforms AC' into
D



Seniors. Day 1. Solutions

1. For given positive integers a and b let us consider the equation
a+ GCD(b,z) = b+ GCD(a,x).

a) For a =20, b =25, find the least positive integer x satisfying this equation.
b) Prove that for any positive integers a and b there exist infinitely many positive integers
x satisfying this equation.
(By GCD(m,n) we denote the greatest common divisor of positive integers m and n.)
N. Agakhanov

Solution. a) Answer: : 100. For a = 20, b = 25, the equation takes the form:
GCD(25,z) = 54+ GCD(20,z). Since GCD(20,z) > 1, it follows that GCD(25,z) > 6.
On the other hand, GCD(25, x) is a divisor of 25, i.e., one of the numbers 1, 5, 25. The
only remaining option is GCD(25,x) = 25, in other words, x must be divisible by 25.
Substituting into the original equation, we obtain GCD(20,z) = 25 — 5 = 20, thus x is
divisible by 20. Hence z is divisible by both 25 and 20, and therefore, x is divisible by
LCM(20,25) = 100, so > 100. On the other hand, = 100 works.

b) Any positive integer x divisible by a and b works. Indeed, in this case, GCD(a, x) = a
and GCD(b, x) = b. But there are obviously infinitely many such x.

2. Let ABC' be a triangle, and let By and By be points of the segment AC symmetric
with respect to the midpoint of AC. By 7y, denote the circle passing through By and tangent
to line AB at A. Similarly, by ~. denote the circle passing through By and tangent to line
BC at C. Let the circles v, and ~y. intersect again at point B’ (B’ # Bi). Prove that
/ABB = ZCBB,.

L. Emelyanov

Solution. From the tangency, we have ZAB'B; = /BAC and ZCB'B; = ZBCA.
Hence ZAB'C equals ZBAC + ZBCA = 180° — ZABC'. It follows that B’ lies on the
circe (ABC).

Next, let B'Bj intersect the circumecircle
(ABC) again at point X. As we know,
/AB'X = /ZBAC. From the equality of
these inscribed angles, it follows that the
corresponding arcs AX and BC' are equal,
which implies that points B and X are
symmetric with respect to the perpendicular
bisector ¢ of AC'

Points By and Bs are symmetric with
respect to £; from this symmetry, ZC' BBy =
ZAXB,. But LZAXB, = /ZAXB =
LABB' (the last equality uses the circe
(ABXB')). Thus, ZCBBy = LABB', as
required.

Remark. In this problem, we see a geometric connection between isogonal and isotomic
conjugation in a triangle.




The statement of the problem is also related to the following well-known fact. Let M
be the Miquel point of quadrilateral ABC'D. Then the direction isogonal to BM with
respect to angle ABC' is parallel to the Newton-Gauss line (i.e., the line passing through
the midpoints of AC' and BD). In our case, B" is the Miquel point for the degenerate
quadrilateral ABC B.

3. A circle is drawn on the board and 2n points are marked on it, dividing it into 2n
equal arcs. Petya and Vasya are playing the following game. Petya chooses a positive integer
d < n and says this number to Vasya. After that, to win the game Vasya needs to color
all marked points in n colors, in each color — exactly two points, so that for each pair of
same-color points one of the arcs between them contains exactly (d — 1) marked points.
Find all n for which Petya will be able to prevent Vasya from winning.

M. Saghafian

Answer: All n that are not powers of two.

Solution. Let us number the marked points consecutively with residues modulo 2n
(0,1,2,...,2n — 1), starting from some point.

1) We will show that for n = 2™, for any d < n, Vasya can win by splitting the residues
into (monochromatic) pairs in the required way.

For a given d, he will go around the circle and create pairs (0,d), (2d, 3d), (4d, 5d), and
so on, until a residue repeats for the first time in the sequence 0,d, 2d, . ... Let the first
repetition be sd. The repetition sd = td (mod 2n), where t > 0, is impossible, because
otherwise (s — 1)d = (t — 1)d (mod 2n), and the repetition would have occurred one step
earlier. Thus, sd = 0 (mod 2n), i.e., sd is divisible by 21, The smallest natural number
s with this property is #}nﬂ) — a power of two greater than 2° = 1. Therefore, s is
even. Thus, a cycle (of even length) (0,d,2d, ..., (s — 1)d) is formed, in which all residues
are split into pairs, as required.

In this way, all residues are divided into such disjoint cycles of length s (which can be
aligned by rotating the circle), and in each cycle, the residues are split into pairs as needed.

2) Let n = 2™ - ¢, where t > 3 is an odd number. We will show that Vasya will lose if
the number d = 2™ is called (it is obviously less than n). Suppose Vasya has managed
to create the required pairing. Without loss of generality, assume that one of his pairs
is (0,d) (this case can be achieved by rotating the circle appropriately). Note that the
residue 2d can only be paired with 3d, since d = 2d — d is already taken. Continuing this
reasoning, we uniquely reconstruct the pairs (0,d), (2d,3d), (4d,5d), ..., ((t — 1)d,td).
But td = 2™ .+ =0 (mod 2n) is already taken. This is a contradiction.

4. Determine if there exist non-constant polynomials P(x), Q(x), R(x) with real coefficients
and leading coefficient 1, such that each of polynomials

P(Q(x)), Q(R(x)), R(P(z))

has at least one real root, while each of polynomials

Q(P(x)), R(Q(x)), P(R(x))

has no real roots.



M. Saghafian

Answer: Such polynomials do not exist.

Solution. Assume the contrary, and suppose such polynomials P, (), R exist.

1) Let zp be a root of the polynomial P(Q); then P(Q(zy)) = 0, meaning Q(zo) is a
root of P. We see that P has roots, and let a be its largest root.

Similarly, we show that ) and R have roots; denote their largest roots by £ and -,
respectively.

2) Consider the equation P(z) = (. If it had a root, that root would also be a root of
the equation Q(P(z)) = 0, which, according to the condition, has no roots. We see that
£ is not in the range of the polynomial P. In particular, this implies that P has an even
degree (since the range of a polynomial of odd degree is R). Thus, P is a polynomial of
even degree with its leading coefficient 1. Hence its range is an interval of the form [a, +00).
Moreover, from the above, it follows that # < a.

Repeating the same for () and R, we understand that their ranges are intervals [b, +00)
and [c, +00), respectively. Moreover, v < b and a < c.

3) Again let us take xy — some root of the polynomial P(Q). Then Q(xg) is a root of
P. Thus, Q(zp) < « (since « is the largest root of P). On the other hand, Q(zy) belongs
to the range of @, so Q(xy) = b. Therefore, b < . Similarly, ¢ < § and a < 7.

Thus, we obtain f < a < v < b < a < ¢ < . From this, f < [, which is a
contradiction.



