X Caucasus Mathematic Olympiad
Maykop, March 14-19, 2025 year

Juniors. Day 1, March 15

1. Anya and Vanya’s houses are located on the straight road. The distance
between their houses is divided by a shop and a school into three equal parts.
If Anya and Vanya leave their houses at the same time and walk towards
each other, they will meet near the shop. If Anya rides a scooter, then her
speed will increase by 150 m/min, and they will meet near the school. Find
Vanya's speed of walking.

2. There are 30 children standing in a circle. For each girl, it turns out
that among the five people following her clockwise, there are more boys than
girls. Find the greatest number of girls that can stand in a circle.

3. Let K be a positive integer. Egor has 100 cards with the number “2”
written on them, and 100 cards with the number “3” written on them. Egor
wants to paint each card red or blue so that no subset of cards of the same
color has the sum of the numbers equal to K.

Find the greatest K such that Egor will not be able to paint the cards in
such a way.

4. In a convex quadrilateral ABC'D diagonals AC' and BD are equal, and
they intersect at . Perpendicular bisectors of AB and C'D intersect at point
P lying inside triangle AED, and perpendicular bisectors of BC and DA
intersect at point @) lying inside triangle CED. Prove that ZPE(Q) = 90°.
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1. For given positive integers a and b let us consider the equation
a+ GCD(b, x) = b+ GCD(a, z).

a) For a = 20, b = 25, find the least positive integer x satisfying this equation.
b) Prove that for any positive integers a and b there exist infinitely many
positive integers x satisfying this equation.

(By GCD(m,n) we denote the greatest common divisor of positive integers
m and n.)

2. Let ABC' be a triangle, and let By and By be points of the segment
AC symmtric with respect to the midpoint of AC. By ~, denote the circle
passing through By and tangent to line AB at A. Similarly, by 7. denote the
circle passing through B; and tangent to line BC' at C'. Let the circles v, and
v, intersect again at point B’ (B’ # By). Prove that ZABB' = ZCBBs.

3. A circle is drawn on the board and 2n points are marked on it, dividing
it into 2n equal arcs. Petya and Vasya are playing the following game. Petya
chooses a positive integer d < n and says this number to Vasya. After that,
to win the game Vasya needs to color all marked points in n colors, in each
color — exactly two points, so that for each pair of same-color points one of
the arcs between them contains exactly (d — 1) marked points. Find all n for
which Petya will be able to prevent Vasya from winning.

4. Determine if there exist non-constant polynomials P(x), Q(x), R(x)
with real coefficients and leading coefficient 1, such that each of polynomials

P(Q(x)), Q(R(x)), R(P(x))

has at least one real root, while each of polynomails

Q(P(z)), R(Q(x)), P(R(x))

has no real roots.



