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Juniors. Day 1. Solutions
5. n consecutive positive integers were written on the board such that n > 6. Then some

5 of the written numbers were erased, and it turned out that any two of the remaining
numbers are coprime. Find the largest possible value of n for which this could be happened.

Belov D.A.
Answer: 11.
Solution. First, let’s provide an example that confirms that 11 numbers could have been

written on the board. Suppose the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 were written, and
the numbers 4, 6, 8, 9, and 10 were erased. The remaining 6 numbers 1, 2, 3, 5, 7, and 11
are coprime.

Now, let’s prove that 12 or more numbers could not have been written on the board.
Among 12 consecutive natural numbers, there will be 6 even numbers. Therefore, all erased
numbers must be even; otherwise, at least 2 even numbers will remain, which have a common
divisor of 2. However, among 12 consecutive numbers, there are also 2 odd numbers divisible
by 3, which will ultimately remain unerased, and they will have a common divisor of 3.

6. A point P is chosen inside a convex quadrilateral ABCD. Could it happen that
PA = AB, PB = BC, PC = CD, PD = DA?

Agakhanov N.Kh.
Answer: It could not.
Solution. Assume that it is possible. Then, from the isosceles triangle APB, we obtain

∠APB = ∠ABP , which implies ∠APB = ∠ABC. Similarly, ∠BPC < ∠BCD, ∠CPD <

∠CDA, ∠DPA < ∠DAB. Adding these inequalities, on the left side we get a full angle of
360◦, while on the right side — the sum of the angles of a quadrilateral, which is also equal
to 360◦. Thus, we obtain 360◦ < 360◦ — a contradiction.

7. It is known that from segments of lengths a, b, c, a triangle can be formed. Could
it happen that from segments of lengths

√
a2 + 2

3bc,
√

b2 + 2
3ca,

√
c2 + 2

3ab, a right-angled
triangle can be formed?

Agakhanov N.Kh.
Answer: It cannot.
For the new segments A =

√
a2 + 2

3bc, B =
√
b2 + 2

3ca, and C =
√
c2 + 2

3ab, we
prove the inequality A2 < B2 + C2, which, by the Pythagorean theorem, contradicts the
existence of a right triangle with hypotenuse A and legs B and C. Similarly, B2 < C2+A2

and C2 < A2 +B2 are proved.
Thus, A2 < B2 + C2 ⇐⇒ a2 + 2

3bc < b2 + 2
3ca + c2 + 2

3ab ⇐⇒ 3a2 + 2bc <
3b2 + 2ca+ 3c2 + 2ab.

Let us estimate: 2bc ⩽ b2 + c2, which holds because b2 + c2 − 2bc = (b − c)2 ⩾ 0;
a2 < (b + c)2 by the triangle inequality, and further a2 < b2 + c2 + 2bc ⩽ 2b2 + 2c2;
2a2 = 2a · a < 2a(b+ c) = 2ab+ 2ac, again by the triangle inequality.

Adding the obtained inequalities 2bc ⩽ b2+ c2, a2 < 2b2+2c2, and 2a2 < 2ab+2ac, we
obtain the required result.



8. Given a positive integer n. On the board a triangular grid is drawn with red color:
this grid is the equilateral triangle with sidelength n divided into small equilateral triangles
with sidelength 1 (see figure). The following move is allowed: three red segments of length
1 forming a “zigzag” (see figure) are simultaneously repainted in blue (the zigzag can be
rotated and flipped, i.e., it can be placed in any way). Find the maximal number of moves
that can be performed.

Kozhevnikov P.A.

Answer: 1 + 2 + . . .+ (n− 1) =
n(n− 1)

2
.

Solution. Estimation. Suppose a move is made, i.e., a certain zigzag is recolored. Draw
a rhombus on the two opposite segments of this zigzag (this rhombus is the convex hull
of the zigzag). Thus, each move corresponds to its own rhombus. If two zigzags are placed
in two different moves, they do not share a common segment, and therefore, as can be
easily seen, the corresponding rhombuses do not overlap (i.e., they do not share common
small triangles). Color the small triangles of our triangular grid in a checkerboard pattern,
as shown in the figure; then each rhombus covers one white triangle. Consequently, the
number of non-overlapping rhombuses does not exceed the number of white triangles, which
is equal to 1+2+ . . .+(n−1). This means that the number of moves made will not exceed
1 + 2 + . . .+ (n− 1).

Example. Mentally remove the small triangles in the bottom row, partition the remaining
part of the grid into rhombuses, and color the rhombuses in a checkerboard pattern. In the
black and white rhombuses, draw zigzags as shown in the figure. It is easy to see that no
two zigzags share a common segment, and the number of zigzags equals the number of
rhombuses, i.e., 1 + 2 + . . .+ (n− 1).



Seniors. Day 1. Solutions
5. Given a board 20 × 25 whose rows are numbered from 1 to 20 and whose columns

are numbered from 1 to 25. Nikita wishes to place one precious stone in some cells of this
board so that at least one stone is present and the following magical condition holds: for any
1 ⩽ i ⩽ 20 and 1 ⩽ j ⩽ 25, there is a stone in the cell at the intersection of the i-th row
and the j-th column if and only if the “cross” formed by the union of the i-th row and the
j-th column contains exactly i+ j stones. Determine whether Nikita’s wish is achievable.

Saghafian M.
Answer: No, it is not possible.
Solution. Suppose, on the contrary, that it is possible to arrange the stones in the

described manner. Without loss of generality, assume that the rows are numbered from top
to bottom and the columns from left to right. Let k be the largest row number in which
there is at least one stone. Among all the stones in the k-th row, choose the stone with the
largest column number, say, ℓ. Consider the cross of this stone, i.e. the union of the k-th
row and the ℓ-th column. By our choice, there are no stones in this cross located below
our stone (k, ℓ) and none to its right. Thus, in the cross under consideration, stones may
occupy only the cells (k, 1), (k, 2), . . . , (k, ℓ) and (1, ℓ), (2, ℓ), . . . , (k−1, ℓ); hence there are
at most k + ℓ − 1 stones in this cross, which is less than k + ℓ. We see that the magical
condition is not satisfied.

6. It is known that from segments of lengths a, b, c, a triangle can be formed. Can it
happen that from segments of lengths

√
a2 + bc,

√
b2 + ca,

√
c2 + ab an obtuse triangle can

be formed?
Agakhanov N.Kh.

Answer: No, it cannot.
Solution. If from the new segments A =

√
a2 + bc, B =

√
b2 + ca, C =

√
c2 + ab, an

obtuse triangle could be formed, say, with an obtuse angle α opposite side A, then by the
cosine law, A2 = B2+C2−2BC cosα, which is greater than B2+C2. We will prove below
that A2 < B2 + C2, from which we will obtain a contradiction.

So, A2 < B2 + C2 ⇐⇒ a2 + bc < b2 + ca + c2 + ab. Since b + c > a, it follows that
ab + ac = a(b + c) > a2. Moreover, b2 − bc + c2 > b2 − 2bc + c2 = (b − c)2 ⩾ 0, which
means b2 + c2 > bc. Summing the inequalities ab+ ac > a2 and b2 + c2 > bc, we obtain the
required result.

7. From a point O lying outside the circle ω, two tangents are drawn touching ω at points
M and N . A point K is chosen on the segment MN . Let points P and Q be the midpoints
of segments KM and OM , respectively. The circumcircle of triangle MPQ intersects ω

again at point L (L ̸= M). Prove that the line LN passes through the centroid of triangle
KMO.

Kukharchuk I.A., Galakhova E.
Solution. Let the ray NL intersect the circle (MPLQ) a second time at point X. Then

∠LXQ = ∠LMQ, but from the tangency, ∠LMQ = ∠LNM . We obtain the equality
∠LXQ = ∠LNM , from which QX ∥ MN .



Let XQ intersect OP at point Y , so that Y is the midpoint of the median OP of
triangle OMK. We want to prove that 2

−−→
XY =

−−→
PN . From this, it will follow that in

the trapezoid XYNP , the diagonals are divided by their intersection point T in the ratio
Y T : TP = 1 : 2. But then, as is easy to see, T divides the median OP in the ratio
OT : TP = 2 : 1, i.e., T will be the centroid of triangle KMO, from which the statement
of the problem immediately follows.

Let S be the midpoint of MN , so that OS is the axis of symmetry of triangle OMN .
Note that

−−→
XY is equal to the sum of the projections of vectors

−−→
XP and

−→
PY onto the line

MN ∥ XY . From the circle (MPQX) and the parallelism MP ∥ XQ, it follows that the
projections of vectors

−−→
XP and

−−→
MQ onto MN are equal. But the projection of the vector−−→

MQ = 1
2

−−→
MO is obviously equal to 1

2

−−→
MS = 1

2

−→
SN . And since

−→
PY = 1

2

−→
PO, its projection

onto the line MN is equal to 1
2

−→
PS. Now it follows that

−−→
XY = 1

2

−→
SN + 1

2

−→
PS = 1

2

−−→
PN , which

is what we wanted to prove.

8. Determine for which integers n ⩾ 4 the cells of a 1× (2n+1) table can be filled with
the numbers 1, 2, 3, . . . , 2n+ 1 such that the following conditions are satisfied: each of the
numbers 1, 2, 3, . . . , 2n+1 appears exactly once; in any 1×3 rectangle, one of the numbers
is the arithmetic mean of the other two; the number 1 is located in the middle cell of the
table.

Saghafian M.
Answer: For n equals 0 or 1 modulo 3.
Solution. We will show that for n = 3m+2, the required filling of the table is impossible.

Assume the contrary. From the condition, it follows that the sum of any three consecutive
numbers is divisible by 3. Consider any four consecutive numbers: a, b, c, d. Since a+ b+ c
and b + c + d are divisible by 3, the difference a− d is also divisible by 3, meaning a and
d have the same remainder when divided by 3. Thus, numbers separated by two positions
have the same remainder when divided by 3. Therefore, the numbers in positions 1, 4, 7,
11, . . . , have the same remainder r1 when divided by 3; the numbers in positions 2, 5, 8,



. . . , have the same remainder r2; and the numbers in positions 3, 6, 9, . . . , have the same
remainder r3. Each of the numbers 1, 2, . . . , 2n+1 belongs to one of these three groups, and
since all three remainders are present, the remainders r1, r2, and r3 must be distinct. Since
the number 1 is located in position n+1, which is a multiple of 3, all numbers 1, 4, 7, . . . , 2n
(leaving a remainder of 1 when divided by 3) must be located exactly in positions 3, 6, . . . ,
2n−1 (multiples of 3). We see that the number of such numbers is greater than the number
of positions they must occupy. This is a contradiction.

Now let n = 3m + 1. We provide an example of the required arrangement of numbers
1, 2, . . . , 6m+ 3:
6m, 6m− 2, 6m− 4, . . . , 6, 4, 2︸ ︷︷ ︸

3m

, 3, 1, 5, 9︸ ︷︷ ︸
3

, 7, 11, 15︸ ︷︷ ︸
3

, . . . , 6m− 5, 6m− 1, 6m+ 3︸ ︷︷ ︸
3

, 6m + 1,

6m+ 2.
(For example, for n = 10, the arrangement would be:

18, 16, 14, 12, 10, 8, 6, 4, 2, 3, 1, 5, 9, 7, 11, 15, 13, 17, 21, 19, 20.)
Now let n = 3m. An example of the required arrangement of numbers 1, 2, . . . , 6m+ 1:

6m−5, 6m− 4, 6m− 6, 6m− 8, . . . , 6, 4, 2︸ ︷︷ ︸
3m−2

, 3, 1, 5, 9︸ ︷︷ ︸
3

, 7, 11, 15︸ ︷︷ ︸
3

, . . . , 6m− 11, 6m− 7, 6m− 3︸ ︷︷ ︸
3

,

6m+ 1, 6m− 1, 6m, 6m− 2.
(For example, for n = 12, the arrangement would be:

19, 20, 18, 16, 14, 12, 10, 8, 6, 4, 2, 3, 1, 5, 9, 7, 11, 15, 13, 17, 21, 25, 23, 24, 22.)


